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ABSTRACT
Estimates of the black hole mass M and dimensionless spin a in the microquasar GRO J1655-40
implied by strong gravity effects related to the timing and spectral measurements are controversial, if
the mass restriction determined by the dynamics related to independent optical measurements,Mopt =
(5.4 ± 0.3)M⊙, are applied. The timing measurements of twin high-frequency (HF) quasiperiodic
oscillations (QPOs) with frequency ratio 3 : 2 and the simultaneously observed low-frequency (LF)
QPO imply the spin in the range a ∈ (0.27− 0.29) if models based on the frequencies of the geodesic
epicyclic motion are used to fit the timing measurements, and correlated creation of the twin HF
QPOs and the LF QPO at a common radius is assumed. On the other hand, the spectral continuum
method implies a ∈ (0.65 − 0.75), and the Fe-line-profile method implies a ∈ (0.94 − 0.98). This
controversy can be cured, if we abandon the assumption of the occurrence of the twin HF QPOs
and the simultaneously observed LF QPO at a common radius. We demonstrate that the epicyclic
resonance model of the twin HF QPOs is able to predict the spin in agreement with the Fe-profile
method, but no model based on the geodesic epicyclic frequencies can be in agreement with the
spectral continuum method. We also show that the non-geodesic string loop oscillation model of
twin HF QPOs predicts spin a > 0.3 under the optical measurement limit on the black hole mass, in
agreement with both the spectral continuum and Fe-profile methods.
Subject headings: GRO J1655-40, epicyclic resonance, string loop oscillations
1. INTRODUCTION
Strong gravity affecting an accretion disc in vicinity of
a black hole horizon governs three observationally signif-
icant phenomena enabling to determine the black hole
mass M and the dimensionless spin a. The phenom-
ena are related to the timing effects, namely to the fre-
quencies of the HF QPOs and connected LF QPOs, to
the spectral continuum of the accretion disc, and the Fe
spectral lines profiled by the influence of the black hole
spacetime.
The most interesting (and precise) information is con-
nected to the twin HF QPOs observed with the fixed fre-
quency ratio 3 : 2 in the microquasars GRS 1915+105,
XTE J1550-56, and GRO J1655-40. Such twin HF QPOs
can be explained by the so called geodesic oscillation
models using frequencies of the geodesic epicyclic mo-
tion in the field of Kerr black holes, i.e., the orbital
frequency, νφ, and the epicyclic radial, νr, and latitu-
dinal, νθ, frequencies. However, the twin HF QPOs in
the three microquasars cannot be explained by a fixed
oscillation model, if we assume a Kerr black hole (To¨ro¨k
et al. 2011). A unique, epicyclic resonance model ex-
ists (Kotrlova´ et al. 2014) if we assume central Kerr
naked singularities that demonstrate special properties
of the prograde circular motion (Stuchl´ık 1980; Stuchl´ık
& Schee 2012).
In the case of the GRS 1915+105microquasar, the 3 : 2
HF QPOs can be explained by the epicyclic resonance
model (To¨ro¨k et al. 2005) 1, while for the XTE J1550-56
1 To explain whole the frequency set of the HF QPOs observed
in the GRS 1915+105 microquasar, more complex models have to
and GRO J1655-40 microquasars, the twin HF QPOs and
the related LF QPO can be explained by the relativistic
precession model (Stella et al. 1999) that is by definition
combined with the relativistic nodal model of the LF
QPOs (Stella & Vietri 1998).
In the case of the microquasar GRS 1915+105 the lim-
its on the black hole mass and spin implied by the models
of the twin HF QPOs are in agreement with the lim-
its implied by the spectral measurements (McClintock
& Remillard 2006), and agreements of limits implied by
models of the QPOs and the models of spectral measure-
ments has been demonstrated also in the case of the XTE
J1550-56 microquasar (Motta et al. 2014b). On the other
hand, in the case of the microquasar GRO J1655-40, the
spin limits of the spectral (continuum and Fe-line) mea-
surements (Shafee et al. 2006; Miller et al. 2009) are con-
tradicting each other, and, moreover, they are both con-
tradicting the spin limits implied by the geodesic models
of QPOs (Motta et al. 2014a; Stuchl´ık & Kolosˇ 2016),
if the limits on the black hole mass determined by the
dynamical studies based on optical measurements (Beer
& Podsiadlowski 2002) are considered.
In the present paper we consider the controversial re-
strictions on the GRO J1655-40 black hole mass and spin.
Keeping the relevance of the mass restrictions implied by
the weak gravity dynamical models based on the opti-
cal measurements of the binary system that have high
relevance and are quite independent of the timing and
spectral measurements connected with the strong gravity
near the black hole horizon, we first discuss the possibil-
be invoked (Stuchl´ık et al. 2007, 2005)
2ity to obtain an agreement of the twin HF QPO geodesic
models and any of the spectral methods, and then we
test possibility of agreement of the string loop oscilla-
tion model of twin HF QPOs with the predictions of the
spectral measurements.
2. THE CONTROVERSY OF THE MASS AND SPIN
LIMITS ON THE GRO J1655-40 BLACK HOLE
The GRO J1655-40 low-mass-X-ray-binary (LMXB)
source is one of the extensively studied Galactic micro-
quasars, i.e., the sources where the accreting central ob-
ject is assumed to be a black hole. However, controversial
estimates of the GRO J1655-40 black hole gravitational
massM and dimensionless spin a have been reported re-
cently (Motta et al. 2014a; Stuchl´ık & Kolosˇ 2016). We
first summarize origin of this controversy related in the
strong gravity regime to models of X-ray spectral mea-
surements implying limits on the black hole spin, and
the so called geodesic models of QPOs implying in the
strong gravity regime limits on the black hole mass and
spin that are confronted with the limits on the black hole
mass implied by dynamical studies in the weak gravity
regime.
Mass of the GRO J1655-40 black hole is restricted by
dynamical methods related to spectro-photometric opti-
cal measurements (Beer & Podsiadlowski 2002) that are
not related to the timing studies of QPOs based on the X-
ray measurements, and have high degree of credibility as
they are related to the weak field gravity techniques. The
range of allowed values of the black hole mass implied by
the optical measurements reads (Beer & Podsiadlowski
2002)
Mopt = (5.4± 0.3) M⊙. (1)
Note that there exists an earlier and larger estimate of
the GRO J1655-40 black hole mass determined in Orosz
& Bailyn (1997) that reads
Mbh = (7.02± 0.22) M⊙. (2)
However, the later estimate presented in Beer & Pod-
siadlowski (2002) is in recent papers considered as the
relevant one.
The X-ray spectroscopy techniques give in the case
of the GRO J1655-40 microquasar controversial results.
The spectral continuum measurements (Shafee et al.
2006) predict the black hole spin in the range
0.65 < a < 0.75. (3)
The measurements of the Fe spectral lines profiled by
the strong gravity of the black hole predict (Miller et al.
2009)
0.94 < a < 0.98. (4)
Clearly, there is a strong discrepancy between the results
of spectral measurements related to radiation processes
in the strong gravity regime. We could expect that the
timing effects related to QPOs occuring in the strong
gravity regime could help to determine the correct spec-
tral measurements due to the spin estimates.
The Rossi XTE observatory brings many timing mea-
surements of the X-rays emitted by the GRO J1655-40
source that are summarized in Motta et al. (2014b). In-
teresting are those related to the twin HF QPOs and the
LF QPOs. The LF QPOs were observed between 0.1 Hz
and 30 Hz, usually independently on the HF QPOs.
However, most important is observation of twin HF
QPOs with frequencies stabilized at the lower frequency
νL ∼ 300 Hz and the upper frequency νU ∼ 450 Hz that
were observed simultaneously; then it is natural to as-
sume that the twin HF QPOs are related to a common
radius where both the observed oscillatory modes occur.
The twin HF QPOs were reported for the first time in
Strohmayer (2001) where simultaneously with the twin
HF QPOs a LF QPO was reported at νLF ∼ 17 Hz. The
magnitude of the observed frequencies and the charac-
ter of the oscillations indicate strongly that the twin HF
QPOs should occur in close vicinity of the black hole
horizon, being related to the orbital motion.
The special simultaneous observation of the twin HF
QPOs and the LF QPO enables to obtain stringent re-
strictions on the mass and dimensionless spin of the cen-
tral black hole, if we assume that all of these QPOs
arise at a given radius of the accretion disc (Motta
et al. 2014a). The Monte Carlo technique applied to the
observational data and the relativistic precession (RP)
model, belonging to the geodesic models of twin HF
QPOs, with the frequency identification νL = νφ − νr
and νU = νφ, along with the related relativistic nodal
precession model of the LF QPO with the frequency iden-
tification νnod = νφ− νθ, implied for the black hole mass
and spin the limits (Motta et al. 2014a)
M = (5.31± 0.07) M⊙, a = 0.290± 0.003. (5)
The mass limit is in very good agreement with the mass
limit given by the optical measurements. However, there
is a clear discrepancy with the spin limits given by both
the spectral measurements, as the RP model predicts
spin a < 0.3.
Recently, the standard nodal precession model of the
LF QPOs and a variety of the geodesic models of twin
HF QPOs, i.e., models using frequencies of the oscilla-
tory modes combined from the frequencies of the geodesic
epicyclic motion, has been tested for matching to obser-
vational data of the simultaneously observed twin HF
QPOs and LF QPO in the microquasar GRO J1655-40;
models originally proposed to explain only the twin HF
QPOs were generalized to interpret also the LF QPO by
the relativistic nodal precession (Stuchl´ık & Kolosˇ 2016).
Instead of the Monte Carlo technique, the method of fre-
quency relations introduced in Stuchl´ık et al. (2013) has
been used (Stuchl´ık & Kolosˇ 2015a), and the fitting has
been done to the data of the twin HF QPOs and simul-
taneous LF QPO presented as Sample B1 in Tab.2. of
Motta et al. (2014a). The peak frequencies with measure-
ment error of the peak frequencies (centroid frequencies
dominated by statistics of the frequencies ) were used
(Motta et al. 2014a)
νL = 298± 4 Hz, νlow = 17.3± 0.1 Hz,
νU = 441± 2 Hz. (6)
For all the considered models of twin HF QPOs it
was assumed that both the twin HF QPOs and the LF
QPO arise at a common radius. Then the frequency re-
lation technique enables to obtain a mass-spin relation
MHF(a, p) for the twin HF QPOs with frequency ratio
3parameter
p =
(
νL
νU
)2
, (7)
and due to the assumption of the common radius a mass-
spin relation MLF(a, p) can be determined for the LF
QPO. The two relations imply the limits on the black
hole mass and spin related to the QPO measurements
(Stuchl´ık & Kolosˇ 2016). It has been found in Stuchl´ık &
Kolosˇ (2016) that three geodesic models can predict the
mass in agreement with the optical measurement limit.
Along with the RP models when the frequency relation
method implies the limits
M = (5.3± 0.1) M⊙, a = 0.286± 0.004, (8)
in agreement with the estimates given by the Monte
Carlo technique results in Motta et al. (2014a), only
two other twin HF QPOs models can fit the optical
mass limit. First is the so called total precession model,
with the frequency identification given by νU = νφ and
νL = νθ − νr, implying the limits
M = (5.5± 0.1) M⊙, a = 0.276± 0.003. (9)
Second is the resonance epicyclic model demonstrating a
beat frequency, with the frequency identification νU = νθ
and νL = νθ − νr, implying the limits
M = (5.1± 0.1) M⊙, a = 0.274± 0.003. (10)
Clearly, all the models predict the black hole spin a <
0.3. We conclude that, unfortunately, none of the con-
sidered geodesic oscillatory models of twin HF QPOs
combined with the nodal precession model of LF QPOs
can predict values of the black hole spin that could be
matched to the predictions of the X-ray spectral mea-
surements, if we assume that the simultaneously mea-
sured QPOs occur at the same radius being thus phys-
ically related. (For completeness, we have tested also
the fitting to the mass estimate M = (7.02 ± 0.22) M⊙
– then the models denoted in Stuchl´ık & Kolosˇ (2016)
as epicyclic resonance model ER3 and the tidal distor-
tion model TD meet this mass limit for the spin ranges
a = 0.44 ± 0.02 and a = 0.46 ± 0.04 that are again in
contradiction with the results of both the spin spectral
estimates.)
The controversy of the GRO J1655-40 black hole spin
estimates could be solved by using models of twin HF
QPOs that are based on frequencies reflecting non-
geodesic effects, including thus not only the Kerr space-
time parameters, but also some additional parameters
related to the non-geodesic phenomena. We test in the
present paper the string loop oscillation model (Stuchl´ık
& Kolosˇ 2014, 2015b) potentially reflecting the influence
of tension related to internal toroidal magnetic fields
in accretion discs (Cremaschini & Stuchl´ık 2013). Of
course, it is worth to consider also possibilities keeping
the assumption of the purely geodesic (gravitational) ori-
gin of the oscillatory modes giving rise to the twin HF
QPOs and the LF QPO. We discuss this possibility in
the following section.
3. GEODESIC MODELS OF QPOS MATCHING THE
SPIN LIMITS BY SPECTRAL MEASUREMENTS
In order to keep assumption of validity of purely
geodesic models of twin HF QPOs for explanation of ob-
served QPOs in the GRO J1655-40 microquasar and en-
able possibility to match the black hole spin values pre-
dicted by the spectral measurements methods and the
mass limit given by the optical measurements, we have
to abandon the assumption that the dimensionless ra-
dius xHF where the twin HF QPOs occur coincides with
the dimensionless radius xLF where the simultaneously
observed LF QPO occurs. The HF QPOs and the LF
QPO are thus assumed to be physically independent. We
still keep assumption that the LF QPO is determined by
the relativistic nodal oscillations, but these LF oscilla-
tions are not correlated with the twin HF QPOs. Then
we can treat the three simultaneously observed QPOs
by the frequency relation method proposed in Stuchl´ık
et al. (2013), but the version introduced in Stuchl´ık &
Kolosˇ (2016) has to be slightly modified due to the fact
that we do not assume xHF = xLF. Of course, we can
determine the ratio of these two radii in dependence on
the twin HF QPOs model, in the range of allowed values
of the black hole spin. We first introduce the geodesic
models of QPO and then we use them to fit the QPO
data observed in GRO J1655-40 source.
3.1. Frequencies of the geodesic epicyclic motion
In the Kerr spacetimes, circular geodesics exist only
in the equatorial plane (Bardeen et al. 1972; Stuchl´ık
1980). The radial epicyclic frequency νr, and the vertical
epicyclic frequency νθ of the near-circular epicyclic mo-
tion are given by the relations (Kato et al. 1998; Stella
& Vietri 1998; Stuchl´ık & Schee 2012)
ν2r = αr ν
2
φ, ν
2
θ = αθ ν
2
φ, (11)
where the orbital (azimuthal) frequency νφ, sometimes
called Keplerian frequency, and the related dimensionless
epicyclic frequencies are given by the formulae
νφ=
1
2pi
(
c3
GM
)
1
x3/2 + a
,
αr=1−
6
x
+
8a
x3/2
− 3a
2
x2
,
αθ =1−
4a
x3/2
+
3a2
x2
. (12)
The dimensionless radius x = r/rg is introduced, where
the gravitational radius of the black hole, rg = GM/c
2.
The radial profiles of the epicyclic frequencies are illus-
trated in Fig.1.
Since all the frequencies νφ, νθ, νr have the same mass
scaling, it is clear that in the geodesic models of twin HF
QPOs containing only linear combinations of these fre-
quencies, the frequency ratio of the lower and upper fre-
quencies will be independent of the mass parameter M ,
being dependent only on the spin parameter a (Stuchl´ık
et al. 2013). This fact enables an effective application of
the frequency relation method in the case of the geodesic
models of twin HF QPOs.
3.2. Models based on the epicyclic geodesic motion
The geodesic models of twin HF QPOs can be sepa-
rated into three classes: the hot spot models (the RP
4Fig. 1.— Restrictions on the GRO J1655-40 black hole parameters M and a given by the ER and ER5 models due to the matching of
the twin HF QPOs. In the upper row, mass-spin relation due to the geodesic models demonstrates satisfactory matching to the optical
mass limit (shaded area) and the spectral continuum dimensionless spin limits (dark shaded regions). The edges of the cross region are
denoted as points A,B,C for the ER model, and the point D for the ER5 model. In the lower row the radial profiles of the upper and lower
frequencies in the ER and ER5 models are confronted with the nodal precession frequency radial profile, and the radii where the twin HF
QPOs and the LF QPO occur are given.
model and its variants (Stella & Vietri 1999; Stuchl´ık
et al. 2013), the tidal precession model (Kostic´ et al.
2009)), resonance models (To¨ro¨k et al. 2005; Stuchl´ık
et al. 2011) and disc oscillation (discoseismic) models
(Rezzolla et al. 2003; Montero & Zanotti 2012). These
models were applied to match the twin HF QPOs and the
LF QPO in the microquasar GRO J1655-40 (Stuchl´ık &
Kolosˇ 2016). We have tested in the present study all
the models considered in Stuchl´ık & Kolosˇ (2016). Here
we briefly summarize properties of the resonance mod-
els that were shown to be the only sucessful models in
matching at least one of the spin limits predicted by the
spectral measurements, along with the mass limits im-
plied by the dynamical restrictions due to optical mea-
surements.
The LF QPO remains related to the relativistic nodal
(Lense-Thirring) precession with frequency νnod = νφ −
νθ. The observations demonstrate that LF QPOs given
by the Lense-Thirring effect can occur independently
on the twin HF QPOs, and only exceptionally their si-
multaneous occurrence is observed (Motta et al. 2014a).
Therefore, we are approved to use the assumption of
the twin HF QPOs and the LF QPO simultaneously ob-
served, but physically uncorrelated.
The epicyclic resonance (ER) models (Abramowicz &
Kluz´niak 2001; To¨ro¨k et al. 2005) consider resonance
of axisymmetric oscillation modes of accretion discs.
The accretion discs can be geometrically thin, having
the geodetical (Keplerian) profile of angular velocity
(Novikov & Thorne 1973; Page & Thorne 1974), or
toroidal, geometrically thick, with angular velocity pro-
file determined by pressure gradients (Kozlowski et al.
1978; Abramowicz et al. 1978; Stuchl´ık et al. 2009). Fre-
quencies of the disc oscillations are related to the or-
bital and epicyclic frequencies of the circular geodesics
for both the Keplerian discs (Kato et al. 1998; Kato 2004;
Nowak & Lehr 1998) and slender tori (Rezzolla et al.
2003; Montero & Zanotti 2012). The resonance can be
of two kinds. The internal, parametric resonance of the
radial and vertical epicyclic oscillatory modes, represent-
ing the basical resonance epicyclic model, governed by
the Mathieu equation, which predicts the strongest res-
onant phenomena for the frequency ratio 3 : 2 (Landau
& Lifshitz 1969; Nayfeh & Mook 1979; Stuchl´ık et al.
2013). The forced non-linear resonance admits presence
of combinational (beat) frequencies in the resonant solu-
tions (Nayfeh & Mook 1979). 2 Of course, the resonant
2 Variants of the resonance model with beat frequencies are pre-
sented in Stuchl´ık & Kolosˇ (2016) – all the variants were considered
in the present study.
5phenomena could be relevant also in the framework of
the hot spot models (Stuchl´ık et al. 2012; Stuchl`ık et al.
2015).
While in the ER models the oscillatory modes of the
accretion disc are assumed axisymmetric, in the warped
disc (WD) oscillation model using the inertial-acoustic
modes and the so called g-modes of thin discs oscil-
lations the oscillations are assumed non-axisymmetric
(Kato 2004, 2008).
The parametric resonance admits slight scatter of the
resonant frequencies, i.e., this kind of resonance can oc-
cur while the oscillating modes in resonance have fre-
quency ratio slightly different from the exact rational
ratio; width of the resonance scatter decreases with in-
creasing order of the resonance (Landau & Lifshitz 1969).
For forced resonances, scatter of frequency ratio from the
rational ratio is governed by non-linear effects (Nayfeh &
Mook 1979). Therefore, we consider as relevant all the
frequency ratios given by the measured HF QPO frequen-
cies with their errors.
3.3. Matching the observed QPO frequencies to the
geodesic oscillation models
Considering a twin HF QPOs geodesic model we de-
termine for a given frequency ratio parameter p the fre-
quency relations
a = aνU(φ,r,θ)/νL(φ,r,θ)(x, p) (13)
and (by a numerical procedure) the corresponding fre-
quency relations governing the radius of occurrence
x = xνU(φ,r,θ)/νL(φ,r,θ)(a, p); (14)
the twin oscillations with the upper (lower) frequency
νU(φ, r, θ) (νL(φ, r, θ)) are determined by the concrete
geodesic model. The radius of occurrence have to sat-
isfy the condition xνU/νL(a, p) ≥ xms(a), where radius of
the marginally stable orbit xms(a) is implicitly given by
(Bardeen et al. 1972; Stuchl´ık et al. 2013)
a = ams ≡
√
x
3
(
4−
√
3x− 2) . (15)
Since the assumption of the coincidence of the radii
where the twin HF QPOs and the simultaneously ob-
served LF QPO were observed is abandoned now, we
have to use the frequency relation technique developed in
Stuchl´ık & Kolosˇ (2016) in slightly modified form where
we consider separately the fitting of the twin HF QPOs
giving the dependence MHF(a, p) and the dependence
MLF(a, x) for an arbitrarily fixed radius x where the LF
QPO can occur.
We have tested all the geodesic models of the twin HF
QPOs studied in Stuchl´ık & Kolosˇ (2016), demonstrat-
ing that none of the models can be in accord with the
limits implied by the spectral continuum measurements
(0.65 < a < 0.75). On the other hand, two geodesic mod-
els of the twin HF QPOs are in (partial) agreement with
the Fe-line spectral measurements (0.94 < a < 0.98).
We focus attention on these two satisfactory models. We
give detailed description of the method for one of the
models, namely the ER model. The method of match-
ing the observational data constitutes from the following
successive steps.
3.3.1. Matching procedure for the ER model
First, we determine the frequency ratio interval of the
lower and upper centroid frequencies of the measured
twin HF QPOs with the related errors. Assume that the
interval reads p1 < p < p2. For each ratio from the in-
terval, we have to find the MHF(a, p) relation. To find
the spin-radius and mass-spin relations with errors cor-
responding to the measurement errors of the twin HF
QPOs frequencies, it is enough to make the calculations
for the frequency ratio parameters p1 and p2 – these er-
rors represent the maximal errors, as opposed to the sta-
tistical errors (Stuchl´ık & Kolosˇ 2016).
Second, we use the frequency relation of the ER model
a=aθ/r(x, p)
≡
√
x
3(p+ 1)
[
2(p+ 2)
−
√
(1 − p)[3x(p+ 1)− 2(2p+ 1)]
]
, (16)
and determine by numerical procedure the inverse fre-
quency relation for the radius where the twin HF QPOs
have to occur xθ/r,(a; p); the spin parameter is assumed
in the interval 0 ≤ a ≤ 1.
Third, using the relation
νU = νθ =
1
2pi
(
c3
GM
)
(1− 4 a x−3/2 + 3a2 x−2)1/2
(x3/2 + a)
,
(17)
where for a given spin a we apply the numerically deter-
mined relation x = xθ/r,(a; p), we obtain the mass-spin
relation M
θ/r
HF (a, p). We construct the HF mass-spin re-
lation for the limiting values of p = p1, p = p2 reflecting
the error in determining the mass-spin relation connected
to the measurement errors of twin HF QPOs. The mass-
spin relation M
θ/r
HF (a, p) related to the ER model of twin
HF QPOs is illustrated in Fig.1 (left column). We can
see that the function M
θ/r
HF (a, p) really satisfies simulta-
neously the optical mass limit and the spin limit of the
Fe-line spectral measurements, but not for the whole in-
tervals given by the optical measurements of mass and
the Fe-line limits on spin. In fact the ER model intro-
duces additional restrictions: M > 5.4M⊙ and a < 0.96.
Fourth, the frequency of the relativistic nodal preces-
sion in the Kerr geometry reads (Stella & Vietri 1998)
νnod(x;M,a) =
1
2pi
c3
GM
[1− (1− 4a
x3/2
+ 3a
2
x2 )
1/2]
x3/2 + a
. (18)
Under the assumption of the coincidence of the radii
of occurrence of the twin HF QPOs and the LF QPO,
we used the condition x = xHF(a, p) (Stuchl´ık & Kolosˇ
2016). Here we fix the radius x = const. and use the
condition
νLF = νnod(x,M, a) (19)
in order to determine the LF mass-spin relation
MLF(a, x) governed by the relativistic nodal precession.
We numerically determine the radii x for which the mass-
spin relationsMLF(a, x) cross the region of the mass-spin
parameter space corresponding to the optical measure-
ment limits on the mass and the spectral limits on the
spin of the GRO J1655-40 black hole. This procedure is
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Fig. 2.— Restrictions on the parameters M and a given the relativistic nodal precession model related to the LF QPO observed
simultaneously with the twin HF QPOs in the microquasar GRO J1655-40.
a M r3:2 rnod rnod/rms rnod/r3:2
ER (point A) 0.94 5.7 4.73 7.68–7.71 3.79–3.81 1.62–1.63
ER (point B) 0.96 5.7 4.71 7.72–7.75 4.26–4.28 1.64–1.65
ER (point C) 0.94 5.38 4.96 7.84–7.87 3.87–3.89 1.58–1.59
ER5 (point D) 0.98 5.1 3.14 8.06–8.10 5.00–5.02 2.56–2.58
TABLE 1
Restrictions on the parameters M and a of the black hole in the microquasar GRO J1655-40 given by the geodesic
oscillation models of twin HF QPOs.
now independent of the geodesic models of the twin HF
QPOs. The results given in units of gravitational mass
M , or the radius xms are represented in Fig.2. Of course,
they can be expressed also in terms of the corresponding
xHF(a, p).
3.3.2. Matching procedure for the ER5 model with beat
frequency
We have found one model with beat frequencies that
meets the optical limits on the black hole mass and the
Fe-line limits on the black hole spin. The identification
of the ER5 model 3 with beat frequencies reads
νL = νθ − νr, νU = νr. (20)
3 We keep the notation of the models as presented in Stuchl´ık &
Kolosˇ (2016)
The frequency relation of the ER5 model reads
a = ar/(θ−r)(x, p) = aθ/r(x, p′) (21)
where
p′ =
1
(1 +
√
p)2
. (22)
Following the first three steps of the procedure of de-
termination of the mass-spin relation presented above,
we arrive to M
r/(θ−r)
HF (a, p). The resulting curve is pre-
sented in Fig.1. We can see that the predictions of the
RE5 model only touch the mass-spin region given by the
optical measurement and the Fe-line fittings at the point
M = 5.1M⊙ and a = 0.98.
The resulting regions of the mass-spin parameter space
allowed by the ER and ER1 geodesic models are pre-
sented in Table 1, along with the radii xHF and xLF. Note
7that none of the considered twin HF QPO models is in
agreement with the mass estimateM = (7.02±0.22)M⊙.
4. STRING LOOP OSCILLATION MODEL
The current-carrying string loops (Larsen 1993, 1994;
Jacobson & Sotiriou 2009; Kolosˇ & Stuchl´ık 2010) repre-
sent one of the models based on non-geodesic phenomena
that could reflect plasma exhibiting a string-like behav-
ior due to dynamics of the magnetic field lines (Semenov
et al. 2004; Christensson & Hindmarsh 1999), or due
to the thin flux tubes of magnetized plasma described
as 1D strings (Semenov & Bernikov 1991; Cremaschini
& Stuchl´ık 2013; Cremaschini et al. 2013; Kova´rˇ 2013;
Kolosˇ et al. 2015; Tursunov et al. 2016). The high-energy
string loops can serve as a model of formation and colli-
mation of ultra-relativistic jets in the field of black holes
or naked singularities located in active galactic nuclei or
Galactic microquasars (Stuchl´ık & Kolosˇ 2012a; Stuchl´ık
1983; Stuchl´ık & Hled´ık 1999; Stuchl´ık & Kolosˇ 2012b;
Kolosˇ & Stuchl´ık 2013; Tursunov et al. 2014), while the
low-energy string loops can serve as a model of twin HF
QPOs occuring in accretion discs orbiting black holes or
neutron stars (Stuchl´ık & Kolosˇ 2012b, 2014, 2015a,b)
4.1. Frequency of the string-loop radial and vertical
oscillatory modes
Dynamics of the axisymmetric string loops in the ax-
isymmetric Kerr geometry is governed by the parameters
of the gravitational field, the energy parameter E of the
string loop, and the two parameters, J, ω, governing the
combined effects of the string tension and its angular
momentum (Kolosˇ & Stuchl´ık 2013; Stuchl´ık & Kolosˇ
2014). Small harmonic or quasi-harmonic oscillations of
the string loops can occur around stable equilibrium po-
sitions in the equatorial plane of the Kerr geometry. For
the radial and latitudinal (vertical) harmonic oscillatory
string loop motion in the Kerr spacetimes, the frequen-
cies related to distant observers are given by (Stuchl´ık &
Kolosˇ 2014)
νr =
c3
2piGM
Ωr, νθ =
c3
2piGM
Ωθ; (23)
the dimensionless angular frequencies read
Ω2r (r)=
JE(ex)
(
2aω
√
∆
(
a2 + 3r2
)
+
(
ω2 + 1
) (
a2r3 − a2∆+ r5 − 2r4))
2r (a2(r + 2) + r3)
2
(
2aω (a2 + 3r2) +
√
∆(ω2 + 1) (r3 − a2)
)2 , (24)
Ω2θ(r)=
2aω
√
∆
(
2a2 − 3a2r − 3r3)+ (ω2 + 1) (a4(3r − 2) + 2a2(2r − 3)r2 + r5)
r2 (a2(r + 2) + r3)
(
2aω (a2 + 3r2)∆−1/2 + (ω2 + 1) (r3 − a2)) , (25)
where
JE(ex)(r)≡H
(
ω2 + 1
)
(r − 1) (6a2r − 3a2r2 − 6a2 − 5r4 + 12r3)
+
(
ω2 + 1
) [
2F (a2 + 3r2)(1− r) − FH]+ 8aω√∆(r − 1)(a2 + 3r2)2
+4aω∆−1/2H
[
(a2 + 3r2)
(
∆− (r − 1)2)− 6r∆(r − 1)] (26)
and
H(r; a)=a2(r + 2) + r3, (27)
F (r; a)= (r − 3)r4 − 2a4 + a2r (r2 − 3r + 6) . (28)
The zero points of the function JE(ex)(r; a, ω) determine
the marginally stable equilibrium positions of the string
loops; at the zero points the frequency of the radial oscil-
latory mode of the string loops vanishes - for details see
Kolosˇ & Stuchl´ık (2013); Stuchl´ık & Kolosˇ (2014). The
radial profiles of the frequencies νθ and νr of the string
loop harmonic oscillations are demonstrated in Figure 3.
4.2. Fitting the twin HF QPO frequencies
We assume resonance phenomena in the string loop
oscillatory motion, governed by the Kolmogorov-Arnold-
Moser theory (Arnold 1978), as the 3:2 frequency ra-
tio is observed at the twin HF QPOs observed in the
GRO J1655-40 microquasar. We directly identify the
observed frequencies νU, νL with the νθ, νr or νr, νθ fre-
quencies. In the case of the string loop oscillation model
the additional nodal frequency model can be attributed
to a physically independent relativistic nodal precession
of a hot spot related to the LF QPO. 4.
The fitting of the string loop oscillation frequencies to
the observed frequencies introduced in Stuchl´ık & Kolosˇ
(2014) will be used here. The string loop oscillation
model implies a triangular limit on the spacetime pa-
rameters M,a – see Figure 3. 5 The limiting values of
the black hole mass are presented in Table 2.
The mass limit given by the optical observations (Beer
& Podsiadlowski 2002) introduces an additional restric-
tion on the GRO J1655-40 black hole spin and on the
stringy parameter ω restricting them to negative values
only, as given in Table 2. We can see that due to the
string loop oscillation model of the twin HF QPOs, small
4 For possibility to obtain a low frequency string loop oscillations
see Stuchl´ık & Kolosˇ (2015b)
5 For the string loop oscillation model, the mass limit M =
(7.02± 0.22) M⊙ introduces no restriction on the black hole spin,
only the stringy parameter is restricted in this case.
8model νU νL Mmin–Mmax/M⊙ xmin–xmax a ω x
string loop 3:2 νθ νr 5.4–9.9 1.7–6.6 0.79–1 (−1,−0.49) 5.7± 0.8
string loop 2:3 νr νθ 4.9–9.4 3.7–8.8 0.31–1 (−1,−0.12) 8.1± 0.7
TABLE 2
Restrictions on the parameters M and a of the black hole in the microquasar GRO J1655-40 given by the string loop
oscillation model of twin HF QPOs.
Fig. 3.— Restrictions on the parameters M and a given by string loop model for the M82 X-1 source (lower row). Solid lines are given
by 3νr = 2νθ and 2νr = 3νθ HF QPOs resonance - hatched area covers whole ω ∈ 〈−1, 1〉 range. Shaded is the mass region limited by the
optical measurements. We also give examples of the radial profiles of the frequencies of the radial and vertical harmonic oscillatory modes
of the string loops (upper row).
values of the black hole spin are forbidden, while the bot-
tom limit of a > 0.31 implies possibility of fast-rotating
black hole in the microquasar GRO J1655-40, in agree-
ment with the X-ray spectra measurements.
5. CONCLUSIONS
We used a variety of the geodesic models of twin HF
QPOs to match the twin HF QPOs simultaneously ob-
served with a low frequency QPO in the microquasar
GRO 1655-40, testing their ability to predict the GRO
J1655-40 black hole mass in agreement with the limits of
the optical measurements, and its spin in agreement with
the spectral measurements, solving thus the recently dis-
cussed controversy (Stuchl´ık & Kolosˇ 2016). We have
shown that the controversy in the mass and spin esti-
mates of the GRO J1655-40 black hole can be overcome
by the ER model of twin HF QPOs that can predict the
black hole spin in agreement with the Fe-line spectral
measurements, excluding thus the relevance of the spec-
tral continuum measurements. However, the assumption
of occurrence of the twin HF QPOs and the simultane-
ously observed LF QPO at a common radius has to be
abandoned; the position of the source of the LF QPO
relative to the position of the source of the twin HF
QPOs is then determined. The ER model introduces
additional restrictions on the GRO J1655-40 black hole
mass (5.4M⊙ < M < 5.7M⊙) and dimensionless spin
(0.94 < a < 0.96). The radius x3:2 ∼ 5 is relative
distant from the black hole horizon. The radius ratio
xnod/x3:2 ∼ 1.6 is then relatively low.
Acceptable is also the special variant ER5 of the
epicyclic resonant model allowing for observability of
a beat frequency. In this case only the precise values
of the Kerr spacetime parameters are allowed, namely,
M = 5.1M⊙ and a = 0.98. The radius x3:2 ∼ 3 is closer
to the black hole horizon in comparison to the case of
9the ER model. The radius ratio xnod/x3:2 ∼ 2.6 is then
larger than in the case of the ER model.
For comparison, we have tested also recently intro-
duced string loop oscillation model using phenomena of
non-geodesic origin that can reflect tension of toroidal
magnetic fields in accretion discs (Jacobson & Sotiriou
2009; Kolosˇ & Stuchl´ık 2010; Cremaschini & Stuchl´ık
2013). We have demonstrated that restrictions of the
string loop oscillation model on the GRO J1655-40 black
hole mass can be matched to the restrictions on the mass
parameter implied by the optical measurements, if the
black hole spin a > 0.3. Therefore, predictions of the
string loop oscillation model can be in agreement with
both the restrictions implied by the spectral measure-
ments. The matching of the twin HF QPOs by the string
loop model puts restrictions on the string-loop parame-
ters, namely the parameter ω is restricted to negative
values. The LF QPO can be matched by the relativis-
tic nodal precession model for any black hole parameters
limited by the string loop model.
We can conclude that in order to select between the
successful models of the timing effect related to the QPOs
observed in the GRO J1655-40 microquasar, giving co-
herent limits on the black hole mass and spin, additional
data from measurements of the spectral continuum and
profiled spectral lines in the microquasar, and more pre-
cise data of the timing measurements of QPO, are nec-
essary. Such precise measurements could finally exclude
validity of the geodesic models for the microquasar GRO
J1655-40.
We stress that confirmation or falsification of the pre-
sented QPO models can be expected due to observations
of the QPOs at the microquasar GRO J1655-40 by the
planned space X-ray observatory LOFT promising de-
tection of the timing effects related to the QPOs with
precision by one order higher than those obtained re-
cently by the ROSSI X-ray detector; even the temporal
evolution of QPOs during the measurements is expected
in Feroci et al. (2012b,a). For example, in the case of
the LF QPOs with frequencies around 10Hz even lag ef-
fects could be estimated, while for the twin HF QPOs
observed in hundreds of Hz the expected precision of the
frequency measurements could enable to determine the
character and details of the assumed resonant phenom-
ena.
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